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Standard cosmological models do predict a measurable amount of anisotropies in the intensity and
linear polarization of the Cosmic Microwave Background radiation (CMB) via Thomson scattering,
even though these theoretical models do not predict circular polarization for CMB radiation. In
other hand, the circular polarization of CMB has not been excluded in observational evidences. Here
we estimate the circular polarization power spectrum C
V (S)
l
in CMB radiation due to Compton scat-
tering and non-linear photon-photon forward scattering via Euler-Heisenberg Effective Lagrangian.
We have estimated the average value of circular power spectrum is 1(l+1)C
V (S)
l
/(2pi) ∼ 10−4µK2
for l ∼ 300 at present time which is smaller than recently reported data (SPIDER collaboration)
but in the range of the future achievable experimental data. We also show that the generation of
B-mode polarization for CMB photons in the presence of the primordial scalar perturbation via
Euler-Heisenberg interaction is possible however this contribution for B-mode polarization is not
remarkable.
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2I. INTRODUCTION
Photon-matter interactions can convert or generate the polarization states of photons in different situation such
as Faraday rotation, Faraday conversion and so on. In some special cases, the measurement of circular polarization
contribution provides very important tools to better understand universe. In standard scenario of cosmology, CMB
anisotropies are partially linearly polarized [1–6] while the generation of circular polarization is ignored, because there
is no a notable mechanism to generate circular polarization in the recombination epoch. Note Compton (Thomson)
scattering, as most important interaction of CMB radiation, cannot generate the circular polarization [6].
In other hand, the circular polarization of CMB has not been excluded in observational evidences. For example,
recently SPIDER collaboration are made maps of approximately 10% of the sky with degree-scale angular resolution
in 95 and 150 GHz observing bands. Data of SPIDER group have been analyzed in [7] and a new upper limit on CMB
circular polarization is obtained, so that constrains of the circular power spectrum l(l + 1)CVl /(2π) are reported in
rang of a few hundred µK2 at 150 GHz for a thermal CMB spectrum. Also it is worthwhile take a look other reports
about the constraint on the circular polarizations ∆V
TCMB
[8–10] and B-mode polarization [11–13].
In the case of theoretical models, there are several mechanisms, almost considering new physics interactions, which
discuss the possibility of the generation of circular polarization in the CMB. For instances, the conversion of the
existing linear polarization into circular one in the presence of external magnetic fields of galaxy clusters [14], the
relativistic plasma remnants [15] and magnetic fields in the primordial universe [16–18] is discussed. Forward scattering
of CMB radiation from the cosmic neutrino background [20], and photon-photon interactions in neutral hydrogen [21]
have also been shown as potentially mechanisms for the generation of CMB circular polarization. There are some
mechanisms which are postulated extensions to QED such as Lorentz-invariance violating operators [16, 19, 22], axion-
like pseudoscalar particles [23], and non-linear photons interactions (through effective Euler- Heisenberg Lagrangian)
[24]. In [27], the production of primordial circular polarization in axion inflation coupled to fermions and gauge
fields, with special attention paid to reheating, have been studied. Also see a brief review of some of the mentioned
mechanisms in [26].
In this work, we focus on the generation of circular polarization due to nonlinear photon-photon interaction (via
Euler-Heisenberg Lagrangian). Of course we should mention that Faraday conversion phase shift ∆φFC due to Euler-
Heisenberg Lagrangian for CMB radiation has been estimated in [24]. It is worthwhile to mention that one can
calculate ∆φFC from below equation [see more detail in [14, 29]]
V˙ = 2U
d
dt
(∆φFC), (1)
where U and V are Stokes parameters which describe linear and circular polarizations respectively. Note ∆φFC
reported in [24] is not suitable quantity to compare with experimental data which usually reported by circular
polarization power spectrum CVl . So the main purpose of our work is to calculate C
V
l via Euler-Heisenberg effective
interactions and make a comparison with recently data reported by SPIDER collaboration group.
We start by a brief discussion on Stokes parameters and their definitions in terms of density matrix elements.
Then we calculate time evolution of those parameters by Euler-Heisenberg consideration. In the next two sections
we solve them by some estimations to calculate dominant contribution terms. This contributions come from total
intensity of CMB photon contribution in comparison with linear and circular polarizations. Finally in the last section,
we compute the power spectrum and B-mode spectrum of CMB photons which are generated by Euler-Heisenberg
effective Lagrangian.
II. POLARIZATION AND STOKES PARAMETERS
An ensemble of photons in a completely general mixed states is given by a normalized density matrix ρij ≡
( |εi〉〈εj |/trρ), where in the quantum mechanics description, an arbitrary polarized state of a photon with energy
(|k0|2 = |k|2) propagating in the zˆ-direction is written as
|ε〉 = a1 exp(iθ1)|ε1〉+ a2 exp(iθ2)|ε2〉, (2)
where |ε1〉 and |ε2〉 represent the polarization states in the xˆ- and yˆ-directions. Then the 2 × 2 density matrix ρ of
photon polarization states are given as
ρ =
(
ρ11 ρ12
ρ21 ρ22
)
=
1
2
(
I +Q U − iV
U + iV I −Q
)
, (3)
3where I,Q, U and V are Stokes parameters, so that I-parameter is the total intensity of radiation, Q- and U -
parameters indicate the intensity of linear polarization of radiation, and V -parameter determines the intensity of
circular polarization of radiation. Note I and V are independently physical observable quantities of the coordinate
system, while Q- and U -parameters depend on the orientation of the selected coordinate system. Linear polarization
can also be characterized through a vector parameter P which describe by |P| ≡
√
Q2 + U2 and α = 12 tan
−1 U
Q
[28].
The time evolution of each Stokes parameter can be yielded through the Quantum Boltzmann equation. To do this
issue, ones can paly with each polarization state of the CMB radiation as the phase space distribution function χ
which can generally obey from the classical Boltzmann equation
d
dt
χ = C(χ). (4)
The left hand side of above equation is known as the Liouville term (containing all gravitational effects), while the
right hand side one contains all possible collision terms. By considering the CMB interactions on the right hand side
of Boltzmann equation, we can calculate the time evolution of the each polarization state of the photons. In the next
section, we consider non-linear photon-photon forward scattering via the Euler-Hesinberg Hamiltonian to compute
the time evolution of each polarization sates.
III. THE EULER-HEISENBERG LAGRANGIAN AND THE PHOTONS
POLARIZATIONS
The time evolution of ρij(k)s as well as Stokes parameters are given by [see [6] for more detail],
(2π)3δ3(0)(2k0)
d
dt
ρij(k) = i〈
[
H0I (t);D
0
ij(k)
]
〉 −
1
2
∫
dt〈
[
H0I (t);
[
H0I (0);D
0
ij(k)
]]
〉, (5)
whereH0I (t) is the leading order of the photon-photon interacting via Euler-Hiesenberg Hamiltonian. The first term on
the right-handed side of above equation is called forward scattering term, and the second one is a higher order collision
term which is in order of the ordinary cross section of photon-photon scattering. The Euler-Heisenberg Lagrangian is
a low energy effective lagrangian describing multiple photon interactions. The first order of photon-photon interacting
hamiltonian via Euler-Heisenberg Lagrangian can be written as [30, 31]
H0I (t) = −
α2
90m4
∫
d3x
[
(FµνF
µν)2 +
7
4
(Fµν F˜
µν)2
]
, (6)
where Fµν = ∂µAν − ∂νAµ is the strength of electromagnetic field and F˜
µν = ǫµναβFαβ , in which ǫ
µναβ is an
antisymmetric tensor of rank four [for example see [32] and [33]]. Note
Aˆµ(x) =
∫
d3k
(2π)32k0
[ar(k)ǫrµ(k)e
−ik.x + a†r(k)ǫ
∗
rµ(k)e
ik.x]. (7)
where creation a†r and annihilation ar operators satisfy the canonical commutation relation as
[ar(k), a
†
r′(k
′
)] = (2π)32k0δrr′δ
(3)(k− k
′
). (8)
We only compute the first order of Quantum Boltzmann Equation i.e. the first term in RHS of the Eq. (5), and
neglect the second term which is in order of α4. In principle when first term doesn’t have any result, in any special
theory, one can try to compute the second term. It is worthwhile to mention that the contribution of (Fµν F˜
µν)2 for
CMB polarization is given in [24], however they have just calculated Faraday Conversion phase shift. Here we will
consider both term of Euler-Heisenberg Lagrangian. After tedious but straightforward calculation, using Eq. (56), the
time-evolutions of Stokes parameters Eq.(3) are obtained (find details in Appendix). First we start with I-parameter
I˙(k) = 0, (9)
I˙(k) = 0 implies, for each ensemble of photons like CMB, the total intensity I in any direction kˆ is constant and
does not change from Euler-Heisenberg forward scattering. The above result for intensity I is expected, because
the forward scattering cannot change momenta of photons which is necessary condition to change intensity in any
direction. Note for the rest of paper, we do not consider the terms with linearly dependence of ρij on the right side
4of above equations, because we are interested in photon-photon forward scattering. The time evolution of linear and
circular polarization parameters are given as following
Q˙(k) =
16α2
45m4k0
V (k)
∫
d3p
(2π)32p0
(p0k0)2
[
f1(pˆ, kˆ)U(p)
]
, (10)
U˙(k) =
8α2
45m4k0
V (k)
∫
d3p
(2π)32p0
(p0k0)2
[
f1(pˆ, kˆ)I(p)
]
. (11)
V˙ (k) =
8α2
45m4k0
U(k)
∫
d3p
(2π)32p0
(p0k0)2
[
f2(pˆ, kˆ)I(p)
]
(12)
where fis are given in Appendix. Note in the case of CMB radiation, I can be total intensity of CMB or CMB thermal
anisotropy (depending of angular dependence of fis) while the contribution of Q,U and V are about or less than %10
of total CMB thermal anisotropy. As a result, to consider dominated contribution in our calculations Eqs.(10-12), we
neglect terms in second order of Q,U and V . As Eqs.(10-12) show, the initial circular polarization of an ensemble
of photon V (k) can be converted to linear one U(k), Q(k) and inverse due to Euler-Hisenberg interactions. To go
further and calculate angular integrals most conveniently, we introduce the momentum and polarization vectors of
incoming photons as follow [6]
kˆ = (sin θ cosφ, sin θ sinφ, cos θ),
~ˆǫ1(k) = (cos θ cosφ, cos θ sinφ,− sin θ), (13)
~ˆǫ2(k) = (− sinφ, cosφ, 0).
The exactly same definition are correct for momentum and polarization vectors of target photons (denoted by p
and ~ǫs(p)) just with θ → θ
′ and φ → φ′. The angular integrals in Eqs.(10-12) must be done over θ′ and φ′. As
momentum and polarization vectors of photons are defined in spherical coordinate, one can expand all variables and
Stokes parameters in terms of spherical harmonics Y ml to make angular integrals easily, so we have
I(p) =
∑
l′m′
Il′m′(p)Y
m′
l′ (θ
′, φ′),
(Q± iU)(p) =
∑
l′m′
(Q ± iU)l′m′(p)Y
m′
l′ (θ
′, φ′), (14)
V (p) =
∑
l′m′
Vl′m′(p)Y
m′
l′ (θ
′, φ′).
Also we can use above equations to expand I(k), Q(k), U(k) and V (k) in terms of spherical harmonics by replacing
θ → θ′, φ→ φ′, l′ → l and m′ → m. So by considering the time evolution of Stokes parameters given in Eqs.(10-12),
using expansions in Eq.(14) and adding the Compton scattering contributions to Euler-Heisenberg contributions, we
have
dI
dt
= CIeγ ,
d
dt
(Q ± iU) = C±eγ ∓ iκ˙±V, (15)
dV
dt
= CVeγ + κ˙UU,
where CIeγ , C
±
eγ and C
V
eγ denote contributions of Compton scattering which their expressions could be found in
[6, 34, 35]. The Euler-Heisenberg contribution coefficients are given as following
κ˙± =
8α2
45m4k0
∫
p2dpdΩ′
(2π)32p0
(p0k0)2
[
(−2iU(p)± I(p))f1(pˆ, kˆ)
]
(16)
κ˙U =
8α2
45m4k0
∫
p2dpdΩ′
(2π)32p0
(p0k0)2
[
f2(pˆ, kˆ)I(p)
]
. (17)
5As shown in Eq.(16), κ˙± is divided to two term which are proportional to U(p) and I(p). According to the earlier
mentioned argument, to consider dominant contributions of Euler-Heisenberg effective Lagrangian in CMB power
spectrum, we can neglect the term including U(p). Then
κ˙± = ±
1
15π
σT
k
me
I0
me
( ∫ d3p
(2π)3
p f1(pˆ, kˆ)
∑
lm
Yl,m
Ilm(p)
I0
)
,
= ± ˙˜κ
(
f01 +
∫
d3p
(2π)3
p f˜1(pˆ, kˆ)
∑
lm
Yl,m
Ilm(p)
I0
)
(18)
κ˙U =
1
15π
σT
k
me
I0
me
(∫ d3p
(2π)3
p f2(pˆ, kˆ)
∑
lm
Yl,m
Ilm(p)
I0
)
,
= ˙˜κ
(
f02 +
∫
d3p
(2π)3
p f˜2(pˆ, kˆ)
∑
lm
Yl,m
Ilm(p)
I0
)
, (19)
where ˙˜κ = 115π σT
k
me
I0
me
and here we separate fi(pˆ, kˆ) = f
0
i + f˜i(pˆ, kˆ), note f
0
i is constant part of fi(pˆ, kˆ) and also∫
p d3p
(2π)3
I(p) = I0(p¯) ≃ p¯ nγ . (20)
and p¯ = |p| is the average value of the momentum of target (CMB-photons). Be ware in above equations, the term
including f˜i(pˆ, kˆ) is in the order of CMB temperature anisotropy ∼
δT
T
which several order of magnitude smaller
than the term including f0i . So it is reasonable to ignore the term including f˜i(pˆ, kˆ) for the rest of our calculation.
As a result, by considering non-linear photon-photon interaction, a linear polarization converts to circular one while
crossing through an isotopic unpolarized medium beam I0.
To understand the above results, we can assume that linearly polarized CMB photons encounter by an isotopic
background magnetic and electric fields when they cross through the unpolarized beam. By purposing the mentioned
point, we can rewrite Euler-Heisenberg Hamiltonian by replacing Fµν → Bµν + Fµν where Bµν indicates background
fields [for example see [25]]
H0I (t) = −
α2
90m4e
∫
d3x
(
[(Fµν +Bµν)(F
µν +Bµν)]2 +
7
4
[(Fµν +Bµν)(F˜
µν + B˜µν)]2
)
. (21)
Note in above equation, we just need terms with two Fµν while terms including (BµνB
µν)(FµνF
µν) and
(BµνB˜
µν)(Fµν F˜
µν) do not affect in our results. So by using Eq.(7),
H0I (t) =
4α2
90m4e
∫
d3p
(2π)3(2p0)2
∑
ss
′
aˆ†s(p)aˆs′ (p)[p
µBµνǫ
ν
s
′pλBλρǫ
∗ρ
s −
7
4
pµB˜µνǫ
ν
s
′pλB˜λρǫ
∗ρ
s ]. (22)
and by substituting below equations
pµBµνǫ
ν
s =
~B.(~p× ~ǫs) + p
0 ~E.~ǫs,
pµB˜µνǫ
ν
s
′ = 2 ~E.(~p× ~ǫs) + 2p
0 ~B.~ǫs, (23)
in Eq.(22), we obtain
H0I (t) =
4α2
90m4e
∫
d3p
(2π)3(2p0)2
∑
ss
′
aˆ†s(p)aˆs′ (p)
(
[( ~B.(~p× ~ǫs) + p
0 ~E.~ǫs)( ~B.(~p× ~ǫs′) + p
0 ~E.~ǫs′)]
−7[( ~E.(~p× ~ǫs) + p
0 ~B.~ǫs)( ~E.(~p× ~ǫs′) + p
0 ~B.~ǫs′)]
)
. (24)
At the end, we have used Eqs.(5) and (24) to obtain the time evolution of Stokes parameters, here we just discuss
V -parameter
V˙ (~k) =
4α2k0
90m4e
[
g˜ Q(~k) + f˜ U(~k)
]
(25)
6where
g˜ = 2
(
~B · (kˆ × ǫˆ2) ~B.(kˆ × ǫˆ1) + ~E · ǫˆ2 ~B · (kˆ × ǫˆ1) + ~E · ǫˆ1 ~B · (kˆ × ǫˆ2) + ~E · ǫˆ1 ~E · ǫˆ2
)
+ 14
(
~E · (kˆ × ǫˆ2) ~E.(kˆ × ǫˆ1) + ~B · ǫˆ2 ~E · (kˆ × ǫˆ1) + ~B · ǫˆ1 ~E · (kˆ × ǫˆ2) + ~B · ǫˆ1 ~B · ǫˆ2
)
(26)
and
f˜ = k0
[
6
(
( ~B · ǫ1)
2 − ( ~B · ǫ2)
2) + 6
(
( ~E · ǫ2)
2 − ( ~E · ǫ1)
2) + 16
(
( ~E · ǫ1)( ~B · ǫ2)− ( ~B · ǫ1)( ~E · ǫ2))
]
. (27)
Now we are ready to check the results discussed in Eq.(19). Using Eqs. (13) and considering a random direction for
electric fields ~E = E(sin θE cosφE , sin θE sinφE , cos θE), we will rewrite the average value of < f˜ > and < g˜ > as
following
< f˜ >= 3/4(1− cos 2θ) < E2 > + < f˜1(θE , φE) >∝ 3/4(1− cos 2θ)I0+ < f˜1(θE , φE) > (28)
note in above equation 3/4(1− cos 2θ) < E2 > is independent from the direction of electric fields as well as the polar-
izations of radiation (< E2 >∝ I0). But < g˜ > does not include a term which can be independent from the direction
of electric fields. In the simple word, < f˜ > has a contribution from isotropic unpolarized CMB radiation which
comes from the nature of non-linear interaction between CMB photons themselves via Euler-Heisenberg Hamiltonian.
IV. THE TIME EVOLUTION OF CMB POLARIZATIONS DUE TO EULER-HEISENBERG
LAGRANGIAN AND COMPTON SCATTERING
In present section, we consider our rest calculation in the presence of the primordial scalar perturbations indicating
by (S) which we expand these perturbations in the Fourier modes characterized by a wave number K. For each given
wave number K, it is useful to select a coordinate system with K ‖ zˆ and (eˆ1, eˆ2) = (eˆθ, eˆφ). Temperature anisotropy
∆
(S)
I , linear polarizations (∆
(S)
Q and ∆
(S)
U ) and circular polarization ∆
(S)
V of the CMB radiation can be expanded in
an appropriate spin-weighted basis as following [34]
∆
(S)
I (K,k, τ) =
∑
ℓm
aℓm(τ,K)Ylm(n), (29)
∆
±(S)
P (K,k, τ) =
∑
ℓm
a±2,ℓm(τ,K)±2Ylm(n), (30)
∆
(S)
V (K,k, τ) =
∑
ℓm
aV,ℓm(τ,K)Ylm(n), (31)
where we define
∆
(S)
I (K,k, τ) =
(
4k
∂I0
∂k
)−1
∆
(S)
I (K,k, t), ∆
±(S)
P =
(
4k
∂I0
∂k
)−1
(Q(S) ± iU (S)). (32)
As usual, one can transfer the CMB temperature and polarizations ∆I,P,V (η,K, µ) in the conformal time η and
describe them by multi-pole moments as following
∆I,P,V (η,K, µ) =
∞∑
l=0
(2l + 1)(−i)l∆lI,P,V (η,K)Pl(µ) (33)
where µ = nˆ · Kˆ = cos θ, the θ is angle between the CMB photon direction nˆ = k/|k| and the wave vectors K, and
Pl(µ) is the Legendre polynomial of rank l. Here we should define left hand sides of Eq.(15)
d
dt
to take into account
space-time structure and gravitational effects such as red-shift and so on. For each plane wave, each scattering
and interaction can be described as the transport through a plane parallel medium [36, 37], and finally Boltzmann
equations in the presence of the primordial scalar perturbations are given as
d
dη
∆
(S)
I + iKµ∆
(S)
I + 4[ψ˙ − iKµϕ] = τ˙eγ
[
−∆
(S)
I +∆
0(S)
I + iµvb +
1
2
P2(µ)Π
]
(34)
d
dη
∆
±(S)
P + iKµ∆
±(S)
P = τ˙eγ
[
−∆
±(S)
P −
1
2
[1− P2(µ)] Π
]
∓ i a(η) ˙˜κ f01 ∆
(S)
V (35)
d
dη
∆
(S)
V + iKµ∆
(S)
V = −τ˙eγ
[
∆
(S)
V −
3
2
µ∆
(S)
V 1
]
+
i
2
˙˜κ f02 (∆
−(S)
P −∆
+(S)
P ) (36)
7where τ˙eγ ≡
dτeγ
dη
which τeγ is Compton scattering optical depth, a(η) is normalized scale factor and Π ≡ ∆
2(S)
I +
∆
2(S)
P +∆
0(S)
P .
The values of ∆
±(S)
P (nˆ) and ∆
(S)
V (nˆ) at the present time η0 and the direction nˆ can be obtained in following general
form by integrating of the Boltzmann equation (Eq’s. (34-36)) along the line of sight [34] and summing over all the
Fourier modes K as follows
∆
±(S)
P (nˆ) =
∫
d3Kξ(K)e±2iφK,n∆
±(S)
P
(K,k, η0), (37)
∆
(S)
V (nˆ) =
∫
d3Kξ(K)∆
(S)
V
(K,k, η0), (38)
where φK,n is the angle needed to rotate the K and nˆ dependent basis to a fixed frame in the sky, ξ(K) is a random
variable using to characterize the initial amplitude of each primordial scalar perturbations mode, and also the values
of ∆
±(S)
P (K,k, η0) and ∆
(S)
V (K,k, η0) are given as
∆
±(S)
P (K, µ, η0) =
∫ η0
0
dη τ˙eγ e
ixµ−τeγ
[3
4
(1 − µ2)Π(K, η)
∓ i f01
˙˜κ
τ˙eγ
∆
(S)
V
]
, (39)
and
∆
(S)
V (K, µ, η0) ≈
∫ η0
0
dη τ˙eγ e
ixµ−τeγ
[3
2
µ∆
(S)
V 1 − i f
0
2
˙˜κ
τ˙eγ
∆
(S)
P
]
, (40)
in which x = K(η0 − η), f1,2(pˆ, kˆ) are defined in (57,58) and
∆
(S)
P (K, µ, η) =
∫ η
0
dη τ˙eγ e
ixµ−τeγ
[3
4
(1− µ2)Π(K, η)
]
. (41)
The differential optical depth τ˙eγ(η) and total optical depth τeγ(η) due to the Thomson scattering at time η are
defined as
τ˙eγ = a ne σT , τeγ(η) =
∫ η0
η
τ˙eγ(η)dη. (42)
V. THE CONTRIBUTION OF EULER-HEISENBERG INTERACTION FOR THE CIRCULAR POWER
SPECTRUM OF CMB
In the preceding section, we have prepared all instruments to calculate different power spectra C
X(S)
l s of CMB
radiation due to Compton scattering and photon-photon forward scattering via Euler-Heisenberg interaction. So the
power spectrum C
X(S)
l in the presence of primordial scalar perturbation (indicating by (S)) is given as
C
X(S)
l =
1
2l + 1
∑
m
〈
a∗X,lm aX,lm
〉
, X = {I, E,B, V }, (43)
where
aE,lm = −(a2,lm + a−2,lm)/2, (44)
aB,lm = i(a2,lm − a−2,lm)/2, (45)
aV,lm =
∫
dΩY ∗lm∆V . (46)
By using (39-41), the circular power spectrum C
V (S)
l of CMB radiation can be written as following
C
V (S)
l =
1
2l + 1
∑
m
〈
a∗V,lm aV,lm
〉
,
≈
1
2l+ 1
∫
d3KP
(S)
φ (K, η)
∑
m
∣∣∣ ∫ dΩY ∗lm
∫ η0
0
dη τ˙eγ e
ixµ−τeγ ηEH(η) ∆
(S)
P
∣∣∣2, (47)
80 200 400 600 800 1000
0.000
0.001
0.002
0.003
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zHred-shiftL
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FIG. 1: ηEH(z) is plotted in terms of red-shift.
where ηEH(τ) = f
0
2
˙˜κ
τ˙eγ
P
(S)
φ (K, τ)δ(K
′ −K) =
〈
ξ(K) ξ(K′)
〉
, (48)
and P
(S)
φ (K, τ) is the scalar power spectrum of primordial matter perturbations.
Furthermore as shown Eq.(47), the circular polarization cannot be generated in the scalar perturbation without
considering the effects of Euler-Hiesenberg interactions. This result is in agreement with results of standard cosmology
models [6]. With this knowledge that ˙˜κ and τ˙eγ depend on red-shift, we have
ηEH(z) ≃
f02
15π
n0γ
n0e
(1 + z)2
χe(z)
(
T 0CMB
me
)2, (49)
where χe(z) is fraction of free cosmic electron, n
0
γ and n
0
e are number densities of CMB photons and cosmic electrons
at present time and T 0CMB ≃ 2.7K. ηEH(z) is plotted in terms of red-shift in Fig.(1).
Now we can estimate C
V (S)
l in terms of the linearly polarized power spectrum C
P (S)
l and the average value of ηEH
as
C
V (S)
l ≈ (η
av
EH)
2 C
P (S)
l , (50)
where
C
P (S)
l =
1
2l + 1
∫
d3KP
(S)
φ (K, τ)
∑
m
∣∣∣ ∫ dΩY ∗lm
∫ η0
0
dη τ˙eγ e
ixµ−τeγ ∆
(S)
P
∣∣∣2, (51)
and
ηavEH =
1
zlss
∫ zlss
0
ηEH(z) dz ≃ 0.0002, (52)
where zlss indicates red-shift at last scattering surface. Using the experimental value for C
P (S)
l which is in the
order of ∼ µK2 and Eqs.(50)-(52), one can obtain an estimation on the range of C
V (S)
l ∼ 10nK
2, which is in the
range of future experimental values. Note, we just make above estimation to have a sense about the contribution of
Euler-Heisenberg interactions for the power spectrum of CMB circular polarization. The more precisely estimation of
l(l+ 1)C
V (S)
l /(2π) is given in Fig.(2). Let’s compare our results with experimental data reported by SPIDER group
[7]. Constrains of the circular power spectrum l(l+ 1)CVl /(2π) reported by SPIDER group is in ranging from 141 to
203 µK2 at 150 GHz for a thermal CMB spectrum and 33 < l < 307 which is very larger than what can be found
by considering non-linear photon-photon interaction. This means that if the results reported by [7] is confirmed, we
have to search for another mechanisms (instead of non-linear CMB-CMB photons interaction) to satisfy them.
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FIG. 2: The power spectrum of circular polarization l(l + 1)/2pi C
V (S)
l
is plotted in terms of l and in unit (µK)2 due to
Compton scattering and photon-photon forward scattering via Euler-Heisenberg Effective Lagrangian. This file contains the
LCDM power spectra that are derived from Planck (2015) parameters and also we have modified CMBquick mathematica code
to make above plot.
The Euler-Heisenberg interactions not only can generate circular polarization for CMB, but also generate the B-
mode polarization in the presence of scalar metric perturbations in contrast with standard cosmology models [34, 38].
Next, one can divide the CMB linear polarization in terms of the divergence-free part (B-mode ∆
(S)
B ) and the curl-free
part (E-mode ∆
(S)
E ) which are defined in terms of Stokes parameters as following
∆
(S)
E (nˆ) ≡ −
1
2
[ð¯2∆
+(S)
P (nˆ) + ð
2∆
−(S)
P (nˆ)], (53)
∆
(S)
B (nˆ) ≡
i
2
[ð¯2∆
+(S)
P (nˆ)− ð
2∆
−(S)
P (nˆ)], (54)
where ð and ð¯ indicate spin raising and lowering operators respectively [38]. As Eqs.(38),(43),(52) and (54) shown,
the B-mode power spectrum C
B(S)
l is given in terms of the circular polarization power spectrum C
V (S)
l which can be
estimated as
C
B(S)
l ∝ η¯
2C
V (S)
l ≪ nK
2. (55)
Note the B-mode generating by Euler-Hiesenberg interaction is very small than nK2 and so that we can neglect it.
VI. CONCLUSION AND REMARKS
In this work, we have solved the first order of the Quantum Boltzmann Equation for the density matrix of CMB ra-
diation by considering Compton scattering and non-linear photon-photon forward scattering via the Euler-Heisenberg
effective Lagrangian as collision terms. We have shown that propagating photons convert their linear polarizations to
circular polarizations via the Euler-Heisenberg effective interaction. Also we have discussed that by considering non-
linear CMB-CMB photons interaction, CMB linear polarization converts to circular one while crossing through CMB
isotopic unpolarized medium I0. The power spectrum of circular polarization in CMB radiations C
V (S)
l in the presence
of scalar perturbations is given in terms of linearly polarized power spectrum of CMB radiation C
V (S)
l ∼ (η
av
EH)
2C
P (S)
l
which ηEH (49) is given in terms of redshift by factor (1 + z)
2/χe(z) and also η
av
EH ≃ 0.0002 (52). Also, we have
estimated the average value of circular power spectrum is 1(l+1)C
V (S)
l /(2π) ∼ 10
−4µK2 for l ∼ 300 at present time
which is very smaller than recently reported data (SPIDER collaboration) but in the range of the future achievable
experimental data. l(l+ 1)C
V (S)
l /(2π) is plotted in Fig.(2). As a result, it is necessary to search for another mecha-
nisms (instead of non-linear CMB-CMB photons interaction) to satisfy SPIDER results for CMB circular polarization.
We also show that the generation of B-mode polarization for CMB photons in the presence of the primordial scalar
perturbation via Euler-Heisenberg interaction is possible however this contribution for B-mode polarization is not
remarkable. It is shown in Eq.(55) that C
B(S)
l ≪ nK
2.
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VII. APPENDIX A
The time-evolution of the density matrix approximately obtained as
(2π)3δ3(0)2k0
d
dt
ρij(k) ≈ i〈
[
H0I (t), D
0
ij(k)
]
〉
= −
2α2i
45m4
(2π)3δ3(0)×
∫
d3p
(2π)32p0
[
(p.k)2[ǫs(k).ǫs′(p)ǫl(k).ǫl′ (p)]
× {−5ρs′l′(p)ρis(k)δ
lj + 5ρs′l′(p)ρlj(k)δ
si + 4ρl′s′(p)ρlj(k)δ
si
− 4ρl′s′(p)ρis(k)δ
lj + 3ρl′s′(p)ρsj(k)δ
li − 3ρl′s′(p)ρil(k)δ
sj
+ 4ρs′l′(p)ρsj(k)δ
li − 4ρs′l′(p)ρil(k)δ
sj + 9ρlj(k)δ
siδs
′l′
− 9ρis(k)δ
ljδs
′l′ + 3ρsj(k)δ
s′l′δli − 3ρil(k)δ
sjδs
′l′}
+ [p.ǫs(k)k.ǫs′(p)p.ǫl(k)k.ǫl′(p)− 2(p.k)ǫs(k).ǫs′(p)p.ǫl(k)k.ǫl′(p)]
× {8ρlj(k)δ
siδs
′l′ − 8ρis(k)δ
ljδs
′l′ + 4ρl′s′(p)ρlj(k)δ
si
− 4ρl′s′(p)ρis(k)δ
lj − 4ρs′l′(p)ρis(k)δ
lj + 4ρs′l′(p)ρlj(k)δ
si
+ 4ρsj(k)δ
l′s′δli + 4ρsj(k)ρl′s′(p)δ
li − 4ρil(k)δ
l′s′δsj
− 4ρl′s′(p)ρil(k)δ
sj + 4ρs′l′(p)ρsj(k)δ
li − 4ρs′l′(p)ρil(k)δ
sj}
− 28ǫµναβǫσν
′γβ′kγkµpαpσǫs′β(p)ǫlν′(p)ǫsν(k)ǫl′β′(k)
×
[
ρl′j(k)δ
si − ρis(k)δ
l′j + ρsj(k)δ
l′i − ρil′(k)δ
sj
]
× [ρls′(p) + ρs′l(p) + δ
s′l]
]
, (56)
where k and p indicate the energy-momentum states of photons and δ3(0) will be cancelled in the final expression.
Here detail of abbreviated functions in Eqs. (9-12) are brought.
f1(pˆ, kˆ) = 2
[
(pˆ.kˆ)2
(
(ǫˆ2(k).ǫˆ1(p))
2 − (ǫˆ1(k).ǫˆ1(p))
2 + (ǫˆ2(k).ǫˆ2(p))
2 − (ǫˆ1(k).ǫˆ2(p))
2
)
+
(
(pˆ.ǫˆ2(k))
2 − (pˆ.ǫˆ1(k))
2
)(
(kˆ.ǫˆ2(p))
2 + (kˆ.ǫˆ1(p))
2
)
+ 2(kˆ.pˆ)
((
ǫˆ1(k).ǫˆ1(p)pˆ.ǫˆ1(k)− ǫˆ2(k).ǫˆ1(p)pˆ.ǫˆ2(k)
)
kˆ.ǫˆ1(p)
+
(
ǫˆ1(k).ǫˆ2(p)pˆ.ǫˆ1(k)− ǫˆ2(k).ǫˆ2(p)pˆ.ǫˆ2(k)
)
kˆ.ǫˆ2(p)
)]
(57)
f2(pˆ, kˆ) = 2
[
(pˆ.kˆ)2
(
[ǫˆ2(k).ǫˆ1(p)]
2 − [ǫˆ1(k).ǫˆ1(p)]
2 + [ǫˆ2(k).ǫˆ2(p)]
2 − [ǫˆ1(k).ǫˆ2(p)]
2
)
+ 2(pˆ.kˆ)
((
ǫˆ2(k).ǫˆ2(p)pˆ.ǫˆ2(k)− ǫˆ1(k).ǫˆ2(p)pˆ.ǫˆ1(k)
)
kˆ.ǫˆ2(p)− ǫˆ1(k).ǫˆ1(p)pˆ.ǫˆ1(k)kˆ.ǫˆ1(p)
)
+
(
(pˆ.ǫˆ1(k))
2 − (pˆ.ǫˆ2(k))
2
)(
(kˆ.ǫˆ1(p))
2 + (kˆ.ǫˆ2(p))
2
)]
. (58)
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